We construct the Lorentz-invariant chiral Lagrangians up to the order O(p 4 ) by including ∆(1232) as an explicit degree of freedom. A full one-loop investigation on processes involving ∆(1232) can be performed with them. For the π∆∆ Lagrangian, one obtains 38 independent terms at the order O(p 3 ) and 318 independent terms at the order O(p 4 ). For the πN ∆ Lagrangian, we get 33 independent terms at the order O(p 3 ) and 218 independent terms at the order O(p 4 ). The heavy baryon projection is also briefly discussed.
I. INTRODUCTION
The lowest excited states of the nucleon are the four ∆(1232) baryons, which play an important role in the low-energy processes, such as the πN scattering, the magnetism of the nucleon, the electromagnetic interactions of nucleons and so on, because of the strong coupling between the ∆ and the nucleon. Their mass gap is around 300 MeV which is not a big number and they may be treated as degenerate states in the large N c limit [1, 2] . At present, because of the difficulties in solving the nonperturbative QCD problem, chiral perturbation theory (ChPT) [3] [4] [5] [6] is still a feasible and efficient method to describe the low-energy processes involving pions and nucleons. Due to the above reasons, the effects of the ∆ baryons in ChPT are worth separated from low energy constants (LECs) and one can included ∆ baryons in this framework as explicit degrees of freedom [7, 8] .
To include ∆ in ChPT, one usually needs to set up an expansion method, i.e. a power counting scheme, because a new scale larger than the nucleon mass appears. In the pion meson sector, the Lagrangian and the S-matrix are expanded with the power of meson mass (or its energy-momentum) over the scale of chiral symmetry breaking, p/Λ χ ∼ m π /Λ χ with Λ χ ∼ 1 GeV. When the nucleon is included in ChPT, because its mass m N is comparable to Λ χ , this simple power counting becomes problematic. In the literature, there are efforts to solve this problem with heavy baryon formalism [9] , infrared regularization [10] , or EOMS regularization scheme [11] . After the introduction of the scale m ∆ , a new expansion parameter δ/Λ χ = (m ∆ − m N )/Λ χ is involved. One may choose a power counting scheme, m π /Λ χ ∼ δ/Λ χ [8] or m π /Λ χ ∼ (δ/Λ χ ) 2 [12] , to calculate the S-matrix. Much deeper understanding about the power counting problems in ChPT with explicit ∆ could be obtained in the future once high order Lagrangians are given. At present, the full chiral Lagrangian with ∆ is still at low orders and we would like to construct high order Lagrangians in this paper. Here we will adopt the small scale expansion scheme [8] and simply use p to denote m π , δ, or the three momentum of the nucleon or ∆.
Up to now, the chiral Lagrangians for mesons have been obtained up to the O(p 6 ) order (two-loop level) [4, 5, [13] [14] [15] [16] [17] [18] [19] [20] , including the whole 16 bilinear light-quark currents (scalar, pseudoscalar, vector, axial-vector, and tensor) of the special unitary group and the unitary group. For baryon ChPT, the full Lagrangians up to the order O(p 4 ) (one-loop level) were completed recently [6, [21] [22] [23] [24] [25] [26] [27] [28] . For ChPT with ∆, the Lagrangian is only at the order O(p 2 ) (tree level) [8] . In principle, high order calculations of the S-matrix in ChPT will improve the precision of the theory. Specific processes using part of high order terms have been studied, such as the nucleon-∆ transition [29] [30] [31] [32] , the properties of ∆ [33] [34] [35] [36] [37] [38] [39] [40] , scattering processes with nucleon or ∆ [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] , and so on. Completing high order Lagrangians with ∆ is the first task in improving the precision of ChPT and will be helpful to deeper understanding of the chiral expansion in various processes. In this paper, we would like to construct the chiral Lagrangians with ∆ up to the O(p 4 ) order (one-loop level).
This work is organized as follows. In Sec. II, we provide the basic properties of spin-3 2 fields in the Rarita-Schwinger formalism. It is the base for the discussion about ∆. In Sec. III A, we review the building blocks for the construction of the chiral Lagrangians without ∆. Some properties also work in the ∆ case. In Sec. III B, we present the building blocks used in constructing chiral Lagrangians with ∆. In Sec. IV, the properties of the building blocks are given.
With these properties, a systematic method for the construction of Lagrangians is introduced. In Sec. V, we list our results and present some discussions. Section VI is a short summary. II. SPIN- 3 2 FIELDS AND THEIR BASIC PROPERTIES ∆(1232) is a spin- 3 2 field. There are many ways to describe such a field [51] [52] [53] [54] . In this paper, we adopt the widely used vector-spinor representation Ψ µ (µ = 0, 1, 2, 3) [53] to give the Lagrangian. However, the vector-spinor representation (Rarita-Schwinger or RS field) contains two unphysical spin- 1 2 degrees of freedom and one needs extra conditions to restrict the representation. Because of the unphysical spin- 1 2 components, an arbitrary unphysical parameter A exists in the Lagrangian. Before the discussion of ∆ in ChPT, we first review some basic properties for the free RS field. More details can be found in Refs. [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] .
The general Lagrangian for the free RS field with mass m ∆ is [55] 
where A = −1/2 is an arbitrary real number. Generally speaking, A can also be a complex number. In this case, the Lagrangian needs some modifications [56, 63] ,
Here, an overall minus sign has been chosen [8, [65] [66] [67] [68] . It ensures that the spatial components of Ψ µ behave like a Dirac field and the Hamiltonian is positive definite [65] . In the following, A is considered to be real. A complex A would only result in complicated expressions. The above Lagrangian is invariant under the so called "point" or "contact" transformation,
which is not a symmetry of the Lagrangian because the parameter A is changed. The choice for the value of A does not affect physical quantities [63, 67, 69] . In studying various physical processes involving the RS field, one can choose any suitable A for the purpose of convenient use. If A = − 1 3 , the original Rarita-Schwinger Lagrangian is recovered [53] . If A = −1, the propagator has a very simple and widely used form [60] .
To restrict arbitrariness and to simplify the Lagrangian, one may adopt the method proposed by Pascalutsa in Ref. [61] where a point invariant RS field ψ µ
Then the new form of the Lagrangian reads
Now, all the variations to A are implicitly contained in ψ µ A and Λ µν is independent of A. With the Euler-Lagrange equation and some techniques such as that given in the appendix of Ref. [70] , one obtains
Eq. (6) is the equation of motion for the RS field and Eqs. (7) and (8) are two subsidiary conditions to eliminate the redundant components of the RS field. The redefined field ψ µ A also satisfies these equations.
When one considers interactions of ∆, e.g. ∆∆γ or ∆N π interaction, a covariant derivative is needed in the Lagrangian and one more free parameter (z parameter) also appears. To be consistent with the point transformation, this z parameter is necessary and its value can be obtained from experiments [70] .
The framework to include ∆ in ChPT can be found in Ref. [65] . It gives the method to separate out the redundant degrees of freedom and reveal the physical degrees of freedom explicitly. Later, a series of systematic works analyze the structures of chiral Lagrangian with π and ∆ fields and give the leading order Lagrangian [8, 66, 71, 72] . In Ref. [67] , the off-shell parameters in ChPT with ∆ are proved unphysical and can be removed. In the following parts, we consider systematically the structures of chiral Lagrangian with ∆ and construct the Lagrangian to the one-loop order by eliminating the redundant degrees of freedom.
III. BUILDING BLOCKS IN CONSTRUCTING CHIRAL LAGRANGIANS
In ChPT, the Lagrangian is invariant with respect to various QCD symmetries. We need to know the transformations of various building blocks (baryon or meson fields, external sources, or combined structures of them). In this section, we review briefly the building blocks of chiral Lagrangian without ∆ and present new building blocks involving ∆. The details for the former case can be found in Refs. [4, 5, 13, 14, 17, 20, 25, 26, 28] .
A. Building blocks without ∆
The two-flavor QCD Lagrangian L can be written as
where L 0 QCD is the original QCD Lagrangian and q is the quark field u or d. We use s, p, v µ , and a µ to denote scalar, pseudoscalar, vector, and axial-vector external sources, respectively. Conventionally, the tensor source and the θ term are ignored. In ChPT, a µ is usually traceless. If we use S to denote the external source s, p, v µ , or a µ , one can divide it into a traceless part S i (i = 1, 2, 3) and a trace part S s
where τ i are Pauli matrices, I 2 is the 2 × 2 identity matrix, and · · · denotes the trace of "· · · " in isospin space. For convenience, we here use the convention S i τ i = S i τ i = S i τ i . In the following, we will perform similar decompositions for the 2 × 2 matrices in the isospin space. The QCD Lagrangian L 0 QCD exhibits a global SU (2) L ×SU (2) R chiral symmetry when the light quarks are massless. This symmetry is spontaneously broken into SU (2) V and three Goldstone bosons (pseudoscalar mesons) appear. These pseudoscalar mesons get their masses once the light quark masses are considered. In ChPT, these mesons are collected into an SU (2) matrix U whose transformation is U → g L U g † R .
Here g L and g R represent SU (2) L and SU (2) R chiral rotations, respectively. Usually, another field u is defined through u 2 = U . It transforms as u → g L uh † = hug † R under the chiral rotation, where h is a compensator field and a function of the pion fields.
To construct the chirally invariant Lagrangian, one introduces several combinations of the external sources and meson fields. Such structures, called building blocks, are
where
, and B 0 is a constant related to the quark condensate. The definition of the covariant derivative ∇ µ acting on any building block X in Eq. (11) is
In constructing the Lagrangian, the following two relations will be useful
Besides the above meson and external fields, we also need baryons. In the following parts, the nucleon doublet is denoted as
and its covariant derivative is defined as D µ ψ ≡ (∂ µ + Γ µ )ψ. Note that we use a different symbol for the covariant derivative acting on baryons in this paper.
B. New building blocks involving ∆
Unlike the nucleon, it is a bit complex to describe ∆ fields in the isospin space. In the literature, they are usually denoted by an isovector-isospinor ψ µ i [8, 65-68, 71, 72] . To eliminate the two redundant isospin-1/2 degrees of freedom, a subsidiary condition is imposed
The representation for the I = 3 2 components is
where the signs are the same as those in Refs. [65, 68] . A different overall sign was adopted in Ref. [8] . Note that each ψ µ i is an isospin doublet and the index i needs to be contracted with the isovector index of another field. Thus we need to reveal the implicit isospin indices of the building blocks in Eq. (11) . Similar to Eq. (10), we decompose each building block X (u µ , h µν , f µν ± , or χ ± ) with the following formulas
which is related to the external source v µ only. When we consider only the π∆∆ interactions, the chiral Lagrangian is the linear combination ofψ
Aµν containing the pion fields and external sources with various Lorentz structures depends on A. The LECs in the Lagrangian are also A-dependent. For the πN ∆ interactions, some extra z n parameters are needed in the Lagrangian because of the point transformation [70] . The interaction terms have the formψO iµ Θ A,n,µν (z n )ψ ν i + h.c., where O iµ containing the pion fields and external sources with various Lorentz structures is independent of A and
Here, n denotes the order of a term and z n is a free parameter which can be obtained from experiments. We do not discuss how to determine z n in this work. The LECs in the πN ∆ Lagrangian are independent of A. One can absorb the arbitrary parameter A into the redefinition of the RS field (as in the free RS case) and use ψ µ 
As an alternative choice, in the π∆∆ case, one may adopt the redefined RS fields ψ µ Ai and ψ µ Ai (instead of ψ µ i andψ µ i ) and their covariant derivatives to construct Lagrangians. We will discuss both cases later.
IV. CONSTRUCTION OF CHIRAL LAGRANGIANS WITH ∆
In this section, we introduce the method to construct chiral Lagrangians with ∆ step by step. The construction procedure in this method is very similar to that used to construct the meson and meson-baryon chiral Lagrangians in Refs. [20, 28] .
A. Power counting and transformation properties
We adopt the chiral dimensions for the building blocks assigned in Refs. [4-6, 8, 14, 25, 26] and list them in the second column of Table I . The covariant derivatives acting on the meson fields and the external sources are counted as O(p 1 ), but those acting on the nucleon and ∆ fields are counted as O(p 0 ). According to the low-energy approximation for the bilinear coupling, π∆∆ or πN ∆, one assigns the chiral dimensions for the elements of the Clifford algebra, the Pauli matrices, and the Levi-Civita tensors in the second column of Table II [25, 26, 68] . The chiral Lagrangian needs to be invariant under the chiral rotation (R), parity transformation (P ), charge conjugation transformation (C), and Hermitian transformation (h.c.). It is necessary to know these transformation properties for the building blocks and other essential elements.
Under the chiral rotation R, the transformation for the nucleon doublet is 
and those for the RS fields are [65] 
where K ij = 1 2 τ i hτ j h † . D µ ψ ν i also transforms in the same way. From the definitions in Eqs. (11) and (12), we have the following chiral transformations for the building blocks (and with their covariant derivatives)
With the decomposition in Eq. (18), one gets the transformation properties for X i and X s as follows,
From Eqs. (22), (23) , and (25) and the property K † = K −1 , it is obvious that a structure likeψX i D µ ψ µ i is chirally invariant, where the isovector indices are contracted. Now we move on to the parity, charge conjugation, and Hermitian transformations. The transformation properties of the building blocks X's are simple [14, 25, 26] and we collect them in the first four rows of Table I . Because the parities of the Pauli matrices are even and X = X i τ i + X s I 2 , X i and X s have the same parities as X. To consider the charge conjugation transformations, we adopt the properties for the Pauli matrices used in Ref. [72] : τ T i = c ij τ j , where c 11 = −c 22 = c 33 = 1 and c ij = 0 when i = j. If the charge conjugation transformation of X is X
Since the Pauli matrices are hermitian, the Hermitian transformations of X i and X s are the same as that of X. All of these transformation properties are collected in the last six rows of Table I . For the essential Clifford algebra elements and the Levi-Civita tensors in chiral Lagrangians, they are invariant under the chiral symmetry, but their parity, charge conjugation, and Hermitian transformation properties rely on the coupling structure, π∆∆ or πN ∆. There are some differences between these two cases. Such transformations for the RS field are correlated with the Clifford algebra elements and also rely on the coupling structure. In the following, we discuss their transformation properties.
We here adopt the similar method used in Refs. [8, 25] to analyze the transformations. In general, the invariant monomials of the π∆∆ chiral Lagrangian have the form
where "· · · " denote some suitable Lorentz indices, A ij ··· is the product of X i and X s , and Θ ··· is the product of a Clifford algebra element Γ ∈ {1, γ µ , γ 5 , γ 5 γ µ , σ µν }, the Levi-Civita tensors ε αβρτ and ǫ ijk , and several covariant derivatives D λ D η · · · acting on ψ ν j . For the πN ∆ chiral Lagrangian, the invariant monomials have the form
The meanings of the symbols are the same as those in the π∆∆ invariant monomials.
In Table II , we list the parity, charge conjugation, and Hermitian transformation properties for the Clifford algebra elements, the Levi-Civita tensors, the Pauli matrices, and the covariant derivative of the RS field in these two cases.
The positions of the subscript or superscript indices may be changed in the transformations and we present there only extra signs that one need to consider. Here follows some explanations.
Under the parity transformation, we have
where the extra minus sign comes from the explicit representation of the spin-3 2 fields given in Appendix A of Ref. [8] . For convenience, we absorb this minus sign into the Clifford algebra elements. Thus, a sign difference for the Clifford algebra elements exists between the π∆∆ case and the πN ∆ case.
Under the charge conjugation transformation, the baryon fields transform as
The factor c ij can be removed by c ik c kj = δ ij , which ensures the invariance of the Lagrangian. The properties of the Clifford algebra elements are the same as the πN N case [25] , but one should note the sign difference for D µ ψ ν i . In our convention (Eqs. (27) and (28)), in the π∆∆ case, all covariant derivatives acting on ψ µ i will act on ψ µ i again after the C transformation is imposed, while they, in the πN ∆ case, still act onψ µ A,n,i after the C transformation. As a result, a sign difference between the π∆∆ and πN ∆ cases exists (see Sec. IV B 3), which is shown in the last row of Table II . Of course, a different convention does not affect the final result of chiral Lagrangian. The remaining transformation is for the Levi-Civita symbol ǫ ijk which is usually charge invariant. In Table II , for convenience, an extra minus sign is added which comes from the determinant of c ij ,
where x, y, and z are the C-parities of X i , Y j , and Z k in Table I, respectively. Under the Hermitian transformation, the signs for a Clifford algebra element in the π∆∆, πN ∆, and πN N cases [25] are the same, while the sign difference for D µ ψ ν i is the same as C transformations discussed above, which is shown in the last row of Table II .
B. Linear relations
In constructing chiral Lagrangians, one needs to find out all independent monomials which are invariant under various transformations. Several linear relations are proved to be useful. We collect all independent linear relations as follows. Their hermitian relations will not be given explicitly.
Subsidiary condition
With the relations for the Pauli matrices and the Levi-Civita tensors, e.g.
more complicated structures can be simplified to that with one Pauli matrix and one Levi-Civita tensor at most. Together with the subsidiary condition τ i ψ µ i = 0, terms like ǫ ijk ψ µ k and ǫ ijk τ k ψ µ j can be removed because
The former equation (the left-hand side without any Pauli matrix) means that a term containing ǫ ijk whose index is contracted with the RS field is the linear combination of terms with one Pauli matrix. The latter equation means that a term containing ǫ ijk whose indices are contracted with a Pauli matrix and the RS field is proportional to ψ µ i . Therefore, the invariant monomials with contraction structures on the left hand sides can be removed. These relations reduce most contraction possibilities for monomials containing ǫ ijk . For a term with this Levi-Civita tensor, we only need to consider the case that the index contraction occurs among ǫ ijk , X i 's, and one (at most) Pauli matrix.
Since the baryon field also contains the isospin index, more relations constraining the chiral Lagrangians are possible. Combine the two equations in Eq. (33) and the last one in (32) , one can remove the Levi-Civita tensor and obtain, up to the O(p 4 ) order, the following relation.
where O ijk µν does not contain ǫ ijk and the Pauli matrix.
Schouten identity
For the Levi-Civita tensors ε µνλρ and ǫ ijk appearing in the invariant monomials, one has the Schouten identities,
Combining the second identity with equations in (33), we obtain two more relations
where P (i, j, k) means all permutations for the indices i, j, and k and an odd permutation P (i, j, k) gives a minus sign. The former equation indicates that we can remove terms with ǫ ijk (there is no Pauli matrix in O l ), while the latter equation (together with Eq. (33)) indicates that one of the last two terms on the left-hand side can be removed. Several similar relations about Lorentz indices also exist, which is briefly discussed in the item vii of Sec. IV B 4.
Partial integration
The partial derivative acting on the whole monomial, ∂ µ (monomial), can be discarded and one has
where O ··· is the product of A ··· and Θ ··· in (27) or (28) and "· · · " represent suitable indices. Because the covariant derivative acting on the nucleon and ∆ fields is counted as O(p 0 ) and that on X i or X s is O(p 1 ), we can simply employ the following relations in reducing the number of monomials [25, 26] ,
The symbol " . =" means that both sides are equal if high order terms are ignored. For the purpose of constructing Lagrangian in a unified way, we choose a convention for the position of the covariant derivative acting on the RS field. In the π∆∆ case, we move all covariant derivatives to the right-side ∆ field. In the πN ∆ case, we move all the covariant derivatives to the ∆ field no matter whether it is on the left side or on the right side of a monomial. This convention results in the sign difference for the charge conjugation and Hermitian transformations of D µ ψ ν i between these two cases, which has been shown in Table II .
Equations of motion (EOM)
The lowest order EOM from the pseudoscalar chiral Lagrangian is
where N f is the number of quark flavors and we take N f = 2 here. This equation indicates that the monomials including ∇ µ u µ can be eliminated. Obviously, the higher order EOM has additional terms on the right hand side and they have no effects on the construction of chiral Lagrangian. In Ref. [25] , the EOM from the πN N chiral Lagrangian has been used to restrict the structures of Θ ··· to a small set (see also Ref. [28] ). Here, we constrain Θ ··· in Eq. (27) or (28) 
where O µν 1,ij denotes terms containing pion fields and external sources. Each term in O µν 1,ij contains at least one building block in Table I 
The strict forms on the right-hand sides of the above equations come from O µν 1,ij and they are at least at the order O(p 1 ). This even works if the discussion is only in the O(p 1 ) order because we only use building-block-independent terms (the terms in the square bracket in Eq. (41)) to obtain the above equations.
If we replace ψ µ i (isospin doublet) with ψ (isospin doublet) in (42) , one gets the nucleon EOM in Ref. [25] . This correspondence indicates that all the derivation techniques used in Ref. [25] can be applied to the present case. Hence, we may borrow directly the results obtained there. In addition to these πN N -like structures of Θ ··· , the existence of the Lorentz index in the RS field results in more possibilities. Fortunately, the vector-spinor representation of spin-3/2 fields has two subsidiary conditions and they may be used to remove some structures. If we multiply Γ (Γ ∈ {1, γ µ , γ 5 , γ 5 γ µ , σ µν }) in both sides of Eq. (44), we obtain
where Γ a,µ denotes the elements in {1, γ µ , γ 5 , γ 5 γ µ , σ µν } (g µν and ε µνλρ may also be a part of Γ a,µ ). This equation gives some similar relations as those from (42) discussed above, which ensures that the Lorentz index of ψ µ i can be treated as the index of a covariant derivative acting on the nucleon in the πN N case, i.e. the correspondence ψ µ i ↔ D µ ψ may be adopted (except Eq. (46) below). Because of Item i below, the relations coming from Eq. (43) are the same as those from Eq. (44) . By using the baryon EOMs and the subsidiary conditions, one gets all constraint conditions in constructing chiral Lagrangians. We summarize the constraint conditions as follows.
(i) The terms containing γ µ can be changed to those with one more covariant derivative and the structure γ µ alone does not appear in the Lagrangian.
(ii) The Lorentz indices of D's are different from that of ψ µ i orψ µ i .
(iii) The indices of D's are totally different and totally symmetric. To reflect the symmetric nature, we use the short notation D νλρ··· to denote multiple derivatives where
(iv) When ǫ µνλρ exists, neither γ 5 γ µ nor σ µν exists because the combination can be converted to structures like (σ µν D ρ + · · · ) or (γ 5 γ µ D ν + · · · ).
(v) The Lorentz indices of γ 5 γ µ and σ µν are different from that of ψ µ i orψ µ i and that of covariant derivative acting on the baryon fields.
(vi) If A µν··· = ∇ µ B ν··· in Eq. (27) or (28) , the index of the covariant derivative ∇ µ is different from that of the RS field or that of D ν acting on the ∆ or nucleon fields. The contraction structure that the index of ∇ µ is the same as that of ψ µ or D µ vanishes or has equivalent descriptions if high order terms are ignored.
(vii) In constructing high order chiral Lagrangians, more relations coming from the Schouten identity are needed, see Eqs. (A7)-(A10) in Ref. [28] . Simply speaking, the sum of all permutations of five different indices (one or two indices come from γ 5 γ µ or σ µν ) vanishes up to high order terms, where an odd permutation gives a minus sign.
(viii) The difference between ψ µ i and ψ µ Ai is of higher order terms containing external sources. Hence, we could use ψ µ Ai instead of ψ µ i to construct the Lagrangians.
(ix) Because ψ µ i contains a Lorentz index, additional relations may be obtained. With Eq. (44) and the formula
we get
The first equation means that the indices of ε µνλρ can not be contracted with that of a covariant derivative and that of the ∆ field simultaneously. The second one means that one of the three terms on the left-hand side can be removed.
Up to the O(p 4 ) order, all possible Lorentz structures of Θ ··· are constrained to be
Covariant derivatives and Bianchi identity
From the relations in Eq. (13) and (14), one gets
This Bianchi identity gives a relation between the covariant derivatives of Γ µν or f µν + . To reveal the isovector indices explicitly, we decompose Eqs. (13) and (50) with Γ µν = Γ µν i τ i + Γ µν s I 2 and get
The first equation means that the exchange of two covariant derivatives acting on a building block is related to Γ µν k . Because the right-hand side structure has been considered in constructing Lagrangians, one of the two covariant derivatives on the left hand side can be removed. In other words, we can treat the covariant derivatives acting on X i as commutative operators. The last two equations indicate that one of the three terms on the left hand side can be removed.
Contact terms
The contact terms involve only ∆ and nucleon fields and pure external sources (F µν R , F µν L , χ, and χ † ). The number of such terms is small and we construct them separately. To adopt the above constraint relations, we also use the following formulas by revealing explicitly the sources in Eq. (11),
Up to the fourth chiral order, only the O(p 4 ) π∆∆ Lagrangian contains contact terms. The total number of the contact terms is six and we list them in the last items in Table VI .
More
Because the isovector indices of the building blocks are given explicitly, the Cayley-Hamilton relation used in the construction of meson or πN N chiral Lagrangians is ignored. It has been implied in the Pauli matrix relations. No more relations need to be considered in constructing chiral Lagrangians with ∆.
C. Reduction of the monomials
It is helpful to create some rules to reduce conveniently the constructed monomials with the above relations. Before constructing the chiral Lagrangian, we use the following rules to express the monomials in a unified form.
(i) The symbol ε µνλρ is moved to the far left and follows an ǫ ijk , if they exist. Behind these Levi-Civita tensors is ψ orψ µ i . The field ψ µ i (with its covariant derivatives) is moved to the far right. Betweenψ (orψ µ i ) and ψ µ i , the building blocks X i and X s , the Pauli matrices, and the γ matrices are placed in order. Because X i and X s are C-numbers, their positions in the Lagrangian are actually arbitrary.
(ii) To set down the positions of X i and X s , we assign a number to each of them or to its covariant derivative by ignoring its Lorentz and isovector indices temporarily. One only cares about the relative magnitudes of the numbers and their absolute values are not important. Table III shows an example. Each combination of the building blocks is mapped to a vector. In the combination of two u's and one h, for example, we have three permutations uuh → (121, 121, 151), huu → (151, 121, 121), and uhu → (121, 151, 121). Of course, they are not different in describing physical processes. In the construction of chiral Lagrangian, we choose the combination with the smallest vector where the smaller number is placed as far left as possible, uuh in this example. (iii) For the Lorentz and isovector indices, the rules are the same as the building blocks. All indices are numbered, too. We also give an example in Table III . After the places of all the building blocks are fixed, each type of indices is also mapped to a vector. In the case of Lorentz indices, for example, we haveψu µ i u ν j h i µν γ λ ψ j λ → (1, 2, 1, 2, 3, 3), 1, 1, 2, 3, 3) , and so on. The possible sign problem in this mapping is also considered. In the construction of chiral Lagrangians, we choose the permutation with the smallest vector,ψu µ i u ν j h i µν γ λ ψ j λ → (1, 2, 1, 2, 3, 3 ). In the case of isovector indices, a similar choice procedure is employed. We have used the Einstein summation convention, the commutation relations of C-numbers, and the symmetric or antisymmetric relations for f µν ±,i , h µν i , ε µνλρ and so on in the above rule creation process.
We say that a monomial obeying the above rules has a standard form. With these rules, two monomials having the same standard form are equal, and vice versa. Besides the purpose of distinguishing monomials, the standard form is also convenient in programming. The final results are all presented in this form.
D. Classifications and Substitutions
Although it is not difficult to obtain all possible invariant monomials at a given order, the number of these monomials is too large if the order is high and it makes the further calculation complex. A more efficient method is to classify all the monomials according to the numbers of external sources, Levi-Civita tensors, and Pauli matrices. It means that we can treat first the category with four pseudoscalar sources without any Levi-Civita tensors or Pauli matrices, then the category with three pseudoscalar sources plus one vector current (or one covariant derivative, see Eq. (12)) without any Pauli matrices or Levi-Civita tensors, and so on. The reliability of this classification is ensured by the linear relations in Sec. IV B. From these relations, it is observed that only monomials in the same category can be related. However, we need to deal with the contact terms separately.
To simplify the calculation, we usually make the following replacements,
which are acceptable since our purpose is only to construct the general Lagrangians. The differences induced by these replacements can be compensated by other terms containing u µ i at the same chiral order.
E. Independent linear relations and chiral Lagrangians
With the above preparations and the systematic approach to construct meson and meson-baryon chiral Lagrangians in Refs. [20, 28] , we now construct chiral Lagrangnians with ∆ as follows.
First of all, because some linear relations in Sec. IV B contain covariant derivatives, it is convenient for us to reveal manifestly the covariant derivatives in h µν i and f µν −i through
We use D i,j to store all possible invariant monomials constructed withψ,ψ µ i , ψ µ i ,ψ µ A,n,i , ψ µ A,n,i , u µ i , χ ±,i , χ ±,s , h µν i , Γ µν i , Γ µν s , f µν −i , and their derivative forms and use E i,j to store all possible monomials revealing the covariant derivatives (constructed withψ,ψ µ i , ψ µ i ,ψ µ A,n,i , ψ µ A,n,i , u µ i , χ ±,i , χ ±,s , Γ µν i , Γ µν s , and their derivative forms). Here, the index i labels the categories and the index j labels the monomials inside the category i. The linear relations between D i,j and E i,j are
where the coefficient matrix A i for the category i is easy to obtain with Eqs. (54) and (55) . Next, by applying the linear relations in Sec. IV B, we can find the constraint relations about E i,k ,
where R i is the linear relation matrix for the category i. Usually, not all of these relations are independent. To extract the independent ones, we transform the matrix R i to the reduced row echelon form (row canonical form) S i . The rank of R i or S i is equal to the number of independent linear relations and each nonzero row-vector of S i gives a linear relation. That is, the independent constraint equations read
With these constrains, Eq. (56) can be revised to the form
where the matrix A ′ i is from the matrices A i and S i after all linear dependent constraints are removed. Then, one extracts the independent terms. Now, the independent terms in D i are corresponding to the independent rows of A ′ i or the independent columns of A ′T i . Similar to the processing of Eq. (57), one transforms the matrix A ′T i to the reduced row echelon form. Then the labels of the independent terms in D i and thus the final results can be extracted. The standard form defined in Sec. IV C ensures that all the linear relations have been used and all the independent monomials of E i,k are really independent. After that, one constructs the contact terms. Because such terms connect monomials in different categories, we collect all the D i,j and E i,k in two big column vectors D ′ j and E ′ k , respectively, and collect all A ′ i,jk in a big diagonal block matrix A ′ jk . By repeating the same steps from Eq. (56) to Eq. (59), one gets the independent terms containing contact terms. In fact, such terms can be constructed by hand since the number is small.
Lastly, according to the hermiticity, one adds an extra i to some terms to ensure that the LECs are real. The Lagrangian with the original building blocks is also recovered with (53) .
V. RESULTS AND DISCUSSIONS
With the steps given above, we obtain the minimal chiral Lagrangians with ∆ up to the order O(p 4 ). As a cross check, we have confirmed the πN N Lagrangians obtained in Ref. [25] . Because the building blocks there are different from ours, the following relations and Eq. (32) are employed in this confirmation process,
At the lowest chiral order, the obtained π∆∆ Lagrangian is
while the result from Ref. [8] is
The g 1 term and the c (1) 1 term have the same structure. However, the former Lagrangian does not contain the g 2 and g 3 terms. The nonexistence of the g 2 and g 3 terms comes from Eqs. (43) and (44) or the item v in Sec. IV B 4. Recall that these terms are involved only when the RS field is off the mass shell where the spin-1/2 components contribute [8] . In the RS representation, these components are unphysical and their contributions do not enter the S-matrix elements [67, 73] . In Refs. [67, 73] , it has been proved that the redundant off-shell parameters can be absorbed into redefinitions of LECs and these two terms are not necessary. The relations g 2 = Ag 1 and g 3 = − 1 2 (1 + 2A + 3A 2 )g 1 derived in Ref. [74] also indicate that they are not independent. Now, with the ∆ EOM and subsidiary conditions in Eqs. (42)-(44), we have eliminated the spin-1/2 contributions from the Lagrangian. Therefore, this elimination procedure gives the same feature that the g 2 and g 3 terms are not necessary.
For the lowest order πN ∆ Lagrangian, our result is the same as that in Ref. [8] ,
The obtained O(p 2 ) π∆∆ chiral Lagrangian is written as
There are 11 independent terms and we list them in Table IV . The number of the terms are exactly the same as that from Ref. [8] . Note that the original Lagrangian in Ref. [8] is given in the heavy baryon formalism. The relativistic form is (we have changed their notations to ours)
Their transition rules can be found from the following Eq. (72). In the third column of Table IV , we show the relations between the LECs based on the transition rules. 
n and an in Eq. (113) of Ref. [8] .
For the O(p 2 ) πN ∆ chiral Lagrangian, we obtain three independent terms,
1ψ u iµ u jν τ i γ 5 γ µ ψ A,n,jν + d
2ψ u iµ u jν τ i γ 5 γ ν ψ A,n,jµ + d
3 iψf + iµν γ 5 γ µ ψ A,n,iν + H.c..
From Ref. [8] , a different set of relativistic terms is,
We find the following correspondence between these two sets of terms: d
2 ↔ b 5 , and d
3 ↔ b 1 . Because of the item vi in Sec. IV B 4, the b 2 and b 3 terms can be eliminated. Ref. [75] also points out that the b 3 term in Eq. (67) is redundant. 
where m = 3 or 4 denotes the chiral dimension, c Table VI are contact terms. In the O(p 3 ) (O(p 4 )) πN ∆ Lagrangian, there are 33 (218) independent terms and we present them in Table VII (VIII). Note that the z n parameters are different for the πN ∆ Lagrangians at different orders, but we do not distinguish them explicitly in the former notations.
D. Point transformation
Now we move on to the point transformation (Eqs. (3) and (4)) for the constructed chiral Lagrangian. Under this transformation, the RS field is not invariant but the structure of the Lagrangian should be invariant. As a result, the LECs in the Lagrangian are dependent on the arbitrary unphysical parameter A in the π∆∆ Lagrangian. To reduce the uncertainty, one can also adopt the redefined RS field ψ µ Ai ≡ O µν A ψ iν = (g µν + 1 2 Aγ µ γ ν )ψ iν instead of ψ µ i as a building block in the construction of chiral Lagrangians. In this scheme, the RS field is point invariant and all the LECs are independent of A. The structure of the above π∆∆ chiral Lagrangian is not changed except the first part of Eq. (61) which now turns into [8, 61] L (1)
The difference in the chiral Lagrangian caused by the replacement ψ µ i → ψ µ Ai can be ignored due to the item viii in Sec. IV B 4. For the πN ∆ chiral Lagrangian, we have presented the results with ψ µ A,n,i . One should note that the definition ψ µ A,n,i = Θ µν A,n (z n )ψ iν is adopted when we use the original RS field ψ µ i in the π∆∆ Lagrangian while the definition ψ µ A,n,i ≡ Θ µν n (z n )ψ Aiν is adopted when we use the redefined RS field ψ µ Ai . Here, Θ µν A,n (z n ) and Θ µν n (z n ) are defined in Eq. (20) .
E. Heavy baryon projection
In this subsection, we briefly discuss the heavy baryon formalism in the small scale expansion scheme and only give the correspondence between the leading structures in the nonrelativistic case and in the relativistic case. More details can be found in Refs. [8, 25] .
To give a heavy baryon Lagrangian, the four-momentum p µ of the baryon is written as
where m 0 is the nucleon mass in the chiral limit, v µ is the four-velocity with v 2 = 1, and k µ is a small off-shell momentum. The nucleon field ψ is projected into a 'large' (light) component N and a 'small' (heavy) component h while the RS field is projected into a 'large' spin-3/2 component T µ i , a 'small' spin-3/2 component, and four spin-1/2 components. In the heavy baryon formalism, the mentioned two 'small' components and the spin-1/2 components of the RS field are all integrated out and the chiral Lagrangian involves only the 'large' components N and T µ i . This nonrelativistic reduction results in some changes for the Θ ··· in (27) or (28) . Between the relativistic and nonrelativistic interaction Lagrangians (the lowest kinetic term needs separate treatment), the rules of correspondence are
where S µ = i 2 γ 5 σ µν v ν is the Pauli-Lubanski spin vector and D µ is the covariant derivative acting on the RS field. With these rules, it is easy to obtain the chiral-invariant terms without recoil corrections in the heavy baryon formalism. To get the complete Lagrangians (including 1/m 0 corrections) in this formalism, one needs the strict integration procedure given in Ref. [8] .
VI. SUMMARY
In this paper, we present a systematic method for the construction of chiral Lagrangians with ∆(1232). It is suitable for computer programming and has been applied to constructing meson [20] and meson-baryon [28] chiral Lagrangians. With this method, we complete the minimal chiral Lagrangians with ∆, L π∆∆ and L πN ∆ , up to the O(p 4 ) (one-loop) order. We also briefly discuss the properties of the point transformation and the heavy baryon projection for the results.
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